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On the Dynamics of Generalized Coherent States. I. 



^j-" 1 Exact and Stable Evolution 

O ' 
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Abstract. The exact and stable evolutions of generalized coherent states (GCS) for 
quantum systems are considered by making use of the time-dependent integrals of 
motion method and of the Klauder approach to the relationship between quantum 



' and classical mechanics. It is shown that one can construct for any quantum system 

overcomplete family of states (OFS), related to the unitary representations of the Lie 
group G by means of integral of motion generators, and the possibility of using this 
' group as a dynamical symmetry group is pointed out. The relation of the OFS with 

quantum measurement theory is also established. 

o 

Ph! 1 Introduction 

+-> ■ 

The generalized coherent states (GCS) were introduced in principle by J. Klauder [1] as 
an example of his overcomplete family of states (OFS), which realize continuous repre- 
sentations of Hilbert space H and are convenient for the study of the general relationship 
between classical and quantum mechanics. In the second paper [1] an OFS was defined as 

•i-H - 

me a ))=V(Q\^ )=exp(£ a L a )\^ ) (1) 

a ■ 

where |<J?o) is a fixed ("fiducial") vector in H and V{l a ) is a unitary irreducible represen- 
tation (UIR) in H of a Lie group G, i a being the canonical group parameters; and L a , the 
generators of the representation V(l a ), a = 1, 2, . . . , r. In Ref. 1 it was noted that states 
(1) form automatically an OFS for UIR of compact groups, but the example that has been 
thoroughly examined is connected with the representation operator 

V(q,p) = exp(-iqP + ipQ), [Q,P]=i, (2) 

of the Weyl-Heisenberg group Gw, and 

mq,p)=V(q,p)\* ). (3) 

The same OFS was independently studied by Glauber [2] in the notations 

\a) = D(a)\$o), D(a) = exp(aa f - a*a) = V(q,p), (4) 
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where the parameters q and p are, to within a factor, the real and imaginary parts of the 
complex number a, and a, are the known lowering and raising operators for the harmonic 
oscillator 1 . Glauber has called such states coherent (CS). The CS (3), (4) (further called 
usual CS or G\y-CS) possess a number of remarkable physical and mathematical properties 
and later many authors [3-10] (see also [11-13] and references therein) have introduced and 
studied more general CS, generalizing different properties of the usual CS but one of the 
best generalizations is just the first one, proposed by Klauder by Eq. (1). The (over) 
completeness of the vectors (1), as it was shown in Ref. 7, holds for any UIR of a Lie group 

G. In the same paper [7] a factorization of the OFS (1) over the stationary group K C G 
of the fixed vector |<I>o} was also proposed since the physical states are defined up to a 
constant phase factor: 

V h \<5> ) = e iaW \<t>o), heKcG, (5) 

\*x) = V aix) \* ), xeX = G/K, (6) 

where s is a cross-section in the group fibre bundle (G,X,ir) [14], i.e., s(x) is a represen- 
tative of the coset, x = gK , g E G. Such factorized OFS have been called system of GCS. 
We shall use in this paper both terms. 

The properties and applications of CS and GCS are widely discussed in the literature 
[1-13] so we would not list them here. We shall only elucidate in Sec. 2 the geometrical 
meaning of GCS as images of cross-sections in fibre bundle (M, X, p) associated with the 
fibre bundle (G,X,ir). The relation with the X-measurements in sense of Holevo [15] is 
pointed out also. 

In our paper we discuss two main aspects of the dynamics of GCS - their exact time 
evolution and their stable evolution. By stable evolution we mean that the initial GCS, 
when evolves in time , remains a GCS of the same type at all times, i.e., the set of GCS is 
invariant under time evolution. 

The dynamics of the usual CS is completely examined [1,5,11,16-21]. Their exact evo- 
lution was explicitly found for quadratic systems [5,20,21] and in Ref. 22 a method was 
proposed to construct usual CS for any system. The stable evolution of CS was considered 
by several authors [16-19]. The most general form of the Hamiltonian which preserves all 
CS stable was found at first in Refs. 16,17 and later by other methods in Refs. 18,19. 

The main results of the present paper are the following. In Sec. 3 we give a method for 
constructing GCS for any Lie group and any quantum system by the realization of repre- 
sentation V g of G in the space H of solutions of the Schrodinger equation. For this purpose 
one may use invariant lowering and raising operators A(t), A*(t) [5,11] and express V g in 
terms of them [23-25]. This method permits one also to conclude that the dynamical sym- 
metry group of quantum system may be any group G, which has UIR in the Hilbert space 

H. Using the sufficient conditions (21), (22) we prove that the iV-dimensional oscillator 
preserves stable CS for any Lie group G, the representations of which are generated by 
the operators aiaj, ajaj = 1,2, ...,N). Some applications of the developed method 
are considered in the subsequent paper (see Ref. 26). 



and |<3?o) being its ground state |0): a|0) = 0. (Note, added in the e-print quant-ph/0407260 ). 
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2 GCS and Quantum Measurements 



In this section we briefly consider the factorization [7] of the OFS (1) and elucidate the 
geometrical meaning of GCS defined by Eq. (6) as well as the relation of the systems GCS 
with quantum measurement theory [15,27]. 

Let K be stationary subgroup of the vector |$ ), V h \§ ) = e ia ^\$ ), h e K C G. 
Then it is clear that two vectors |<3? ffl and |$ 92 differ from each other by a phase factor iff 
92 = 9ih, i.e., iff g± and <?2 belong to the same coset gK. The state is determined by the 
point i£l = G/K . One can construct an OFS according to (1) choosing a representative 
s(x) from every coset gK. The so-obtained OFS factorized in this manner was called a 
system of GCS [7]. The function s(x) is evidently a cross-section in the group fibre bundle 
(G,X,tt), 7r being the canonical projection. For a given s(x) every element g £ G can be 
written as a product g = s{x g )h g , where x g denotes the coset to which g belongs. Thus 

\<S> g ) = e ia ^\$ Xg ). (7) 
The operators of the representation V g act on \$ x ) transitively to within a phase factor: 

V g \$ x ) = V g V s(x) \<5> ) =exp(tf(g,x))\<i> x ,), (8) 

where x' is determined from the equation gs(x') = s(x')h(g,h). Introducing the mappings 
5: GxK ->G,8(g,h) = S h {g) = gh and a : HxK — > H, a(\tp),h) = a h (\i/j)) =e ia ^\tp), 
where a(h) is defined by Eq. (4) {Ji being the set of unit vectors in H) one can consider 
G and 7i as if-manifolds. The following diagram 



GxK 



G 



Qxid 



(9) 



HxK 



-> n 



g^ \$ g ) 



is commutative and consequently the map $ : G — > 7i is a morphism in the category of 
.ftT-manifolds [14]. The set of such morphisms Homx(G, H) is in one-to-one correspondence 
with the set of cross-sections $ in the associated fibre bundle (M, X, p), where M = (7i x 
G)/K and p : M — > X is the canonical projection: poj = 7ropr 1 [14]. Here 7 := Gx 7i — > M 
satisfy the following condition: 7(5,^)) = ligh, cr^(|^})), h € K. The correspondence 
— > $ is provided by the commutative diagram 



G 



7T 



X 



- GxH 

7 

M 



(10) 



From this diagram it is easy to obtain 

4>(x) = 7(5,1*)), g£v- l (x). (11) 
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Defining 7(5, = ex.p(—ia(h g ))\ip) we may identify the system of GCS |$) with the 
image of the cross-section <£. 

The most important property of the system GCS is their overcompleteness, expressed 
by the equation 

J H(dx)\$ x ){$ x \ = 1, (12) 
where fi(dx) is an invariant measure on X. Eq. (12) implies that the family of operators 

M(A)= / fi(dx)\<!> x )(<!> x \, AeB(X), 

J A 

(A being a Borel set in X, B - c-algebra of Borel sets) form a generalized resolution of 
identity (or positive operator-valued measure on X) [15]. According to a theorem due to 
Davies and Lewis [27] there exist at least one measurement £ , determined by the formula 

tr(£ A (p))=tr(pM(A)). (13) 

Recall that the measurement £ on X is a linear continuous map £ : B(X) — > Aut(T(fl")), 
T{H) being the space of trace class operators in H such that tr£x(p) = trp and the positive 
cone T(H) + is invariant under £a, A € 6(A) [28]. Basing on Eq. (13) the (generalized) 
resolution of identity M(A) itself can be referred to as A-measurement [15] (Let us note 
that the Holevo definition differs from the one given above). Moreover it is clear from the 
construction that this measurement is covariant with respect to UIR V g , i.e. the following 
condition is fulfilled [15] 

V*M(A)V g = M(# _1 A), A G B(X). (14) 

If the state of a quantum system is described by the density operator p, then the 
probability distribution of the results of the measurement M(A) is given by Eq. (13). 
The covariance property (14) permits one to establish a relation between the physical 
characteristics of the system and the resolutions of identity in Hilbert space H. 

3 Evolution of GCS 

The dynamics of quantum states is determined by the evolution operator 

S t = Texp (-J*H(t)dtj , 

where H(t) is the Hamiltonian of the system. The evolution of an OFS is given by the 
relation |$ fl ;t) = St\& g ). This direct action by St on the vectors |<& 3 ) may turn to be 
difficult even impossible especially in the case of nonstationary Hamiltonians. It is proved 
to be more effective the method of integrals of motion, developed in Refs. 5,11. 

If A is an integral of motion then it commutes with the Schrodinger operator D$ = 
idt — H, [A, Ds] = 0, and thereby one can get new solutions acting by A on a fixed solution 
|$o;i)- Thus if the operators of the representation V(£ a ) = V g (t) are realized as integrals 



4 



of motion, then by means of them one can obtain OFS (1) as solutions of the equation of 
motion according to the formulae 

\%(t)) = V a (t)\Mt)) = exp(£ a L (t))|*o(*)) 

= StVgStg- 1 ^) = S t \$g) = \%;t). (15) 

Here the generators L a (t) = SfLaS^ 1 are formal solutions of the equation [A, D$] = and 
consequently are integrals of motion. 

Because of the completeness of system of vectors (15) every solution of the Schrodinger 
equation may be realized in the carrier space H of UIR V g (t). The group with such a 
property is called dynamical symmetry group of the quantum system. For nonstationary 
systems the dynamical symmetry was studied in Refs. 11,29. 

Thus if the vectors \$> g ) = V^|<I>o) form an OFS in Hilbert space H then the related 
group G may serve as a group of dynamical symmetry for any quantum system. This 
assertion is in agreement with the results of Refs. 11,29, where it was shown that for N- 
dimensional system the noncompact group U(N, 1) ca describe dynamical symmetry. Now 
we get from Eq. (15) that the dynamical symmetry can be described by any Lie group G, 
which has UIR in H. 

In practical calculations the more efficient way is to solve equation [A, D$] = 0, looking 
for solutions A(t) of some special form, say linear in generators L a . Since L a may be ex- 
pressed in terms of lowering and raising boson operators a, a\ it is convenient to construct 
first the invariant operators 

A = StaSf 1 , A* = StatSt 1 (16) 

and then to use them for construction of generators L a (t). We follow this way in subsequent 
paper [26] in constructing exact time evolution of OFS for some groups and quantum 
systems. Here we would like to say that integrals of the form (16) are explicitly constructed 
for any quadratic Hamiltonians [20,21] and for some nonquadratic ones [11]. 

Let us turn to the question of stable evolution of OFS. The Klauder condition StC C C 
(C being the manifold of GCS) may be written more explicitly in the form: 

StV(e a )\* ) = S t MQ) = |*(4(t))> = V(£ a (t))\<f> ), (17) 

i.e., the whole time-dependence of vectors from OFS is contained in the group parameters 
£ a (a). It is apparent that Eq. (17) holds for any fixed vector |<J>o) iff St is an operator of 
the same representation: St = V g r t \. Moreover, LA. Malkin has proved the following 

Theorem [25]. Arbitrary system of GCS (1) remains stable under time evolution iff the 
Hamiltonian of the quantum system has the form 

H = f a (t)L a , (18) 

where f a {t) are arbitrary functions. 

On the face of it this theorem contradicts to the well known fact [16-19] that the most 
general form of the Hamiltonian which preserves stable the system of usual CS is 

H = u(t)a)a + F{t)a) + F*(t)a + 0(t), (19) 



5 



which is nonlinear in a, a) . Let us note however that the operators a^a, a, a) , 1 form a 
projective representation of Lie algebra of the two-dimensional Euclidean group E(2) = 
T 2 <g) 50(2). Then using the relation 

exp ^A a^a + fia + u = exp(u a^) exp(z a^a) exp(va) exp(tu), 

where z, u, v, w depend on the canonical parameters A, fx, v, one can see that GCS for 
this representation of E(2) and |$o) = |0) coincide with the usual CS. The Hamiltonian 
(18), predicted by Malkin theorem for E(2), has just the form (19). 

Let us now consider the special case when the fiducial vector |3>o) is stable under the 
action of the evolution operator St: 

S t |$o) = |$o>- (20) 

Then for the stability of OFS (V g , |<&o)) the evolution operator St ought not be opera- 
tor from the representation V g . St can be an (external) automorphism of the group of 
representation operators: 

S t V g S^=V g{t) , g = (£ a ). (21) 

The OFS (V g , |^o)) for which the conditions (20), (21) are satisfied may be called su- 
perstable relatively to St (or to corresponding Hamiltonian). Another explanation of the 
above-mentioned seeming contradiction can be given if one notes that the system of usual 
CS is superstable relatively to Hamiltonian (19). 

A superstable OFS may be realized also when the generators of the representation are 
homogeneous functions of a, and St is the evolution operators corresponding to the 
harmonic oscillator. Then 

exp(£ a L a (t)) = exp(e a (t)L a ) (22) 
which can be easily proved using the formula [30] 

exp(s a}a)F(a, a}) exp(-sa t a) = F (ae~ s , aV) . (23) 

Obviously this result can be easily extended to the case of N- dimensional oscillator. If Xj 
(i = 1,2, ... ,p + q) are generators of the lowest (p + ^-representation of Lie group U(p,q), 
then the following Hermitian 2 operators 

Li = 4>Xi4>, 4> = (ai, . . . , a p , a p+1 , al +q ) T , 

i , (24) 

4> = (a[, . . . ,a\, -a,p + i, -a p+q ) 

are homogeneous generators of U(p,q). 3 Thus we derive that A?"- dimensional oscillator 
preserves stable GCS (V g , |<J? n )) for any Lie group G, the representation V g being generated 
by the corresponding subset of operators (24), and |$ n ) - any stationary state. 

The stable evolution of OFS is correctly determined by the functions £ a (t), which are 
solutions of Euler equations for the functional [1] 

/(/)= / dt(i(f\d/dt\f)-(f\H\f)) (25) 



2 "Hermitean"and "Weil"changed to "Hermitian "and "Weyl". (Note added). 

3 This construction by means of N = p + q operators <zj, at was noted by I.T. Todorov, In: Fizika 
vysokih energiy i teoria elementarnyh chastits (Kiev, 1967) (Note added). 
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whose domain is restricted to the OFS-manifold, i.e., |/) = |3> s ), g = (£ a (t)). Minimizing 
functional (25) one gets the following equations [1] : 

(d a R b - d b R a )i b = d a n, d a = d/de a , 

H = (%\H\^ g )=n(£ a ), <?=(4), a = l,2,...,r, 

R = (i-exp(-e a c a ))(e a c a y 1 v, v = (v a ), 

V a = i(<$>o\L a \<f>o}, (C a )bd = C% b , 

where C^ b are structural constants of the group G. The classical action functional assumes 
the form: 

1 = f (Rata ~ H) . (27) 

If the matrix Sl ab = d a R b — d b R a is symplectic, i.e., the 2-form f2 2 = £l a bdl a A d£ b 
is nondegenerate, closed ((KI2 = 0) and exact (O2 = dOi), then the classical system 
described by Eqs. (26) was studied by R.M. Santilli [31] and called by him Birkhoffian 
system, TL being the Birkhoffian of the system. It is not difficult to see that the matrix 
fl a b is symplectic iff it is nondegenerate. The group manifold in this case has symplectic 
structure and may be regarded as a classical phase space. Involving the matrix Q ab , the 
inverse to the matrix fi a &, one can write Eqs. (26) in the form 

ia = (ta,H), a = l,2,...,r. 

where the brackets (,) are defined by 

(A, B) = n ab d a Ad b B 

and apparently are generalization of usual Poisson brackets [31,32]. 

In the case when Q ab is singular (e.g., for groups with odd dimensions [1]) the equations 
of motion (26) do not determine the solutions £ a (t) uniquely. Then the dynamics of stable 
OFS can be effectively described by classical equations of motion in the quotient space 
X = G/K (K being the stability subgroup of \&o)), which can be treated as phase space. 
The symplectic structure on X was constructed 4 by E. Onofri [33]: 

oj = i (d 2 f/d Zi dz*) dzi A dz* , (28) 

where zi are (complex) local coordinates on X and / = f(z,z*) = In |(<l>o|V^|<£o}| _2 is the 
so called Kahler potential. Then on X there exists a Poisson bracket 

(A, B) = gv (d t Ad*B - d*AdjB) , 
diA = dA/dzi, d*A = dA/dz*, 

where g 1 ^ is the matrix inverse to the matrix \\id 2 f /dzidzj\\. Consequently the equation of 
motion for z% = Zi(t) has the form 

zt = (zi,H) = g lj dH/dz* , 

4 for semisimple compact Lie groups. Eq. (28) holds for some noncompact groups as well, in particular 
for Gw and SU(1, 1), treated in the subsequent paper [26]. (Note added in the e-print). 
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7i being the classical Hamiltonian (26). 

Finally we shall consider the time evolution of the probability distribution w p (A) = 
tr(pM(A)) when the density operator p evolves in time: p(t) = S t pS^~ l . Suppose that the 
system of GCS that determines the (generalized) resolution of identity M(A) (Sec. 2), is 
stable under evolution operator S t . Then S t = V g (t) an d making use of covariance property 
(14) one immediately derives 

u;„ (t) (A) = tr (pM{g-\t)A) = w p (g-\t)A) , 

i.e. the probability distribution is only translated by means of the group transformation 
g -1 (t), providing some motion in phase space X. Thus in this case too the quantum 
evolution is represented as a classical motion on the manifold X. 
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Hhkojiob B.A., TpnqboHOB ,ZLA. E2-81-797 
O ^HHaMHKe o6o6m;eHHBix KorepeHTHbix cocto5ihhh. 
I. ToHHaa h CTa6HjibHaa 3BOJiioiiHii 

C noMonnsio MeTO^a HHTerpajiOB flBHHceHHH n no/rxo^a Kjiay^epa 

K CBH3H KBaHTOBOH H KJiaCCHHeCKOH MexaHHK paCCMOTpeHa TOHHaH 

h CTa6njiBHaH sbojhouhh o6o6nj,eHHBix KorepeHTHBix coctohhhh 
KBaHTOBbix CHCT6M. IloKa3aHO, hto nepenojiHeHHbie chctcmbi 
coctohhhh KBaHTOBBix chctcm mojkho ctpohtb nyTeM peajrH3anHH 
reHepaTopoB npe^CTaBjieHHii rpynnbi Jin KaK HHTerpajiOB ^bhjKChh 
KBaHTOBOH CHCTeMbi. CooTBeTCTByionTyio rpynny J1h, CBH3annyio c 
nepenojiHeHHoii chctcmoh coctohhhh, mojkho paccMaTpnBaTb KaK 
rpynny /nmaMnnecKOH CHMMeTpnn (pn3nnecKon CHCTeMbi. PaccMOTpeHa 
CBH3B o6o6m,eHHbix KorepeHTHbix coctohhhh c KBaHTOBOH Teopneft 

H3MepeHHH H rCOMeTpHHeCKHH CMblCJI 3THX COCTOHHHH. 

Pa6oTa BbinojiHeHa b Jla6opaTopnH TeopeTnuecKoii (J)h3hkh 011511! 
Coo6meHiie 06i>e : iiHHeHHoro HHCTHTyTa fl,a;epHbix iiccjie^OBaHira. JJy6n& 1981. 
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